We study pure phase damping of two qubits due to fluctuating fields. As frequently employed, decoherence is thus described in terms of random unitary (RU) dynamics, that is, a convex mixture of unitary transformations. Based on a separation of the dynamics into an average Hamiltonian and a noise channel, we are able to analytically determine the evolution of both entanglement and purity. This enables us to characterize the dynamics in a concurrence-purity (CP) diagram: We find that RU phase-damping dynamics sets constraints on accessible regions in the CP plane. We show that initial state and dynamics contribute to final entanglement independently.
I. INTRODUCTION
For newly emerging quantum technologies, robustness of quantum states is essential. In particular, stability of entanglement spread over a many-body quantum system is of fundamental importance for quantum cryptography and quantum information processing in general. A thorough understanding of processes known to destroy the desired quantum qualities-usually subsumed under the name of decoherence-is necessary. Phase damping represents the case of pure decoherence, where coherences of a given state in a certain basis are subject to decay while probabilities, that is diagonal elements of the density matrix, remain unchanged. It is well known that despite the rather simple nature of phase damping, it is clearly enough to disentangle quantum states [1, 2] .
A widely encountered source of decoherence is growing entanglement between a quantum system and its environment. Yet, often decoherence is due to-or at least may be explained in terms of-random unitary (RU) dynamics. Then, fluctuating classical fields are liable for the loss of quantum properties (sometimes also termed "random external fields") [3, 4] . Although it is known that RU dynamics is not the most general form of decoherence [5, 6] , it is of great practical importance. For instance, in quantum computers based on trapped ions, these classical fluctuations are believed to be the main source of decoherence [7] . Here, fluctuations are present both in the magnetic field of the trap and in the frequency of the laser addressing the qubits. RU dynamics moreover serves as a model to introduce decoherence in experiments in a controlled fashion [8] . In the context of quantum error correction, RU processes are of special interest, because they represent the only type of errors that may be completely undone [9] . The present work will further reveal how decoherence of qubits due to RU dynamics allows for a surprisingly far-reaching analytical treatment.
For a system of two qubits a possible means of characterization relies upon the relation between entanglement and entropy [10, 11] . The system's state ̺ may be studied in terms of a CP diagram, where entanglement (here measured through concurrence C) is plotted against purity, P (̺) = tr(̺ 2 ), a common measure for the mixedness of ̺. This approach has been used in several theoretical studies, where Bell states subject to single-sided dynamics [11] (by single-sided dynamics we denote the case where only one part of a bipartite system is affected), decoherence in a random matrix environment [12] , or two interacting atoms in a cavity [13] were considered.
It was noted earlier that decoherence in ion trap quantum computers is not of simple exponential type [14] , as would be expected from a Markovian master equation approach. A theoretical model incorporating this fact thus calls for a more general treatment. From an axiomatic point of view (neglecting initial correlations) the dynamics of a quantum system is given in terms of completely positive maps (or quantum channels) [4] . In a Hilbert space of dimension d, these channels can always be written in terms of at most d 2 Kraus operators K i such that
(throughout the article we denote the initial state by ̺ and its map by ̺ ′ ). For RU channels there exists an expression of the form (1) where every Kraus operator is proportional to some unitary operator, so that the dynamics is a convex combination of unitary transformations:
, with p i > 0 and i p i = 1. Phase-damping channels stand out due to the requirement to be diagonal in the distinguished basis, that is, they may be written in the form
with {|a n } any set of d normalized complex vectors [15, 16] . In "system plus environment" models, the vectors |a n may be identified with environmental quantum states [17] . For RU phase damping, a simple interpretation of the |a n is less obvious.
In this article we study RU phase damping of two qubits. A fully analytical expression for both the entanglement evolution and the purity decay is obtained. Throughout the article the initial two-qubit state is assumed to be pure. The phase damping will be realized as an ensemble average U (t)̺U † (t) , where the unitary (diagonal) time evolution may be regarded as arising from a stochastic Hamiltonian of the form
With σ z we denote the diagonal Pauli spin operators for qubits A and B, respectively, the time dependence is due to the stochastic processes ω 1 (t), ω 2 (t), and ω 3 (t). In an experimental realization using two-state atoms this would correspond, for example, to a fluctuation of the individual Zeeman levels described by ω 1 (t) and ω 2 (t), together with an instability in the interaction of the atom's energy eigenstates, described by ω 3 (t). Such a Hamiltonian is used to describe the spin-spin interaction in nuclear magnetic resonance (NMR) systems [18] . Also note that the third term of Eq. (3) describing the interactionlater referred to as pure two-qubit phase damping-is implemented in the realization of a phase gate in recent ion trap experiments [7] .
Recently, for a quantum system subject to single-sided dynamics a very simple evolution equation for entanglement was found [19] . This evolution equation allows for a factorization into a functional characterizing the quantum channel and the amount of the initial pure-state entanglement. In our case here, the evolution will in general be nonlocal. Yet, we are also able to give some exact evolution equations for entanglement under phase damping, where the channel and the initial state enter independently.
The article is organized as follows: In Sec. II we discuss our model of RU phase damping, where we benefit from a separation of the channel into a reversible part due to a mean Hamiltonian and an irreversible noise channel. This separation enables us to analytically study changes in entanglement and purity. In Sec. III we discuss RU single-qubit channels in the context of the CP diagram. Here we are able to give an alternative explanation of the results obtained in Ref. [11] , where for a maximally entangled state subject to unital (mapping the completely mixed state onto itself) single-sided channels certain bounds to the accessible area within the CP diagram were found. Our approach, which employs the socalled Jamiolkowski isomorphism, will also be well suited for explaining part of the findings at hand. In Secs. IV and V we analyze in detail the evolution of entanglement and purity of a pure separable and a general pure initial state under RU phase damping, respectively.
II. RU PHASE DAMPING
The phase damping we consider shall be realized as an ensemble average ̺ ′ = U (t)̺U † (t) , where we may set
dτ H(τ ) , a unitary map based on a stochastic diagonal Hamiltonian H(t). As an example let us consider a single-qubit channel, where a generic diagonal Hamiltonian may simply be set to H(t) = ω(t)σ z with some stochastic process ω(t). Assuming ω(t) to add up to a total perturbation of the qubit, the central limit theorem tells us that Ω := Substituting µ → θ and
2 ) → p, we thus arrive at the most general form of a single-qubit phasedamping channel
Thus, single-qubit phase damping may always be written in terms of RU dynamics [5] . From our example we see furthermore that it suffices to consider Gaussian fields. For two qubits the corresponding stochastic diagonal Hamiltonian is
Irrespective of possible correlations among the accumulated phases t 0 dτ ω k (τ ) =: Ω k , we find that the phasedamping channel can be decomposed according to
(µ k := Ω k ) and a nonunitary, irreversible noise channelD (see Appendix A for more details). For brevity of notation we here made use of the Hadamard poduct ⋆ of matrices, that is, the pointwise multiplication of two matrices of the same size [20] . In close analogy to the single-qubit case we can further deploy the RU phase-damping channel by assuming Ω to be a Gaussian process. It should be noted, however, that our analysis could easily be extended to more general statistics. We can then use the characteristic function [21] 
where µ := Ω denotes the mean value, Σ is the covariance matrix, and
With no correlations between the stochastic processes ω 1 (t), ω 2 (t), and ω 3 (t), the covariance matrix is diagonal:
). Note that √ 2ς k simply denotes the standard deviation of the Gaussian random variable Ω k . The preceding commutativity relation (4) now allows for a separation of the channel into its mixing dynamics and its entangling dynamics: Any change with respect to the purity of the system is due to the noise channelD, while any increase in entanglement can only be evoked by (the interaction part of) the mean Hamiltonian H µ . Of course, a decrease in entanglement might as well be due toD. However, any gain in entanglement may only be attributed to the unitary map U µ . This separation enables us to calculate changes in purity and concurrence separately.
In order to describe the loss of purity of the system, we need to account for the action of the noise channel, D, only,
where the probabilities p i with p i = 1 are determined by the variances of the stochastic processes (see Appendix B). The purity for the final state is easily obtained and equates to
Here and in the following we write · for expectation values with respect to the initial state |ψ 0 . While the equation for purity decay under RU phase damping is valid irrespective of further details of the initial state, the change in entanglement will be more sensitive to the initial conditions of the two-qubit system. In order to calculate the entanglement created or destroyed in the phase-damping process, we thus need to make some further assumptions about the initial state.
III. RU SINGLE-QUBIT CHANNELS IN THE CP DIAGRAM
In the analysis of RU phase damping we want to follow the example of Ref. [11] , where single-sided unital dynamics was analyzed with respect to entanglement decay as a function of purity decay. The entanglement for a two-qubit system can be easily computed in terms of concurrence,
are the eigenvalues of the positive matrix R = ̺ (σ y ⊗ σ y ) ̺ * (σ y ⊗ σ y ) [22] . The purity P is defined as the trace over the squared density operator:
. Accessible values of purity P and concurrence C are not independent of each other. Rather, it has been shown that-depending on the entanglement measure used-there exist states that maximize the respective entanglement measure at a given mixedness, also called maximally entangled mixed states (MEMS, see [11] and references therein). This fact is nicely illustrated in the concurrence-vs-purity diagram (CP diagram; see Fig.  1 ).
Aside from the border of all physical states given by C MEMS , the diagram reveals the accessible region (blue) for initial Bell states under single-sided unital channels E ⊗ 1, that is, unital channels acting on either one of the subsystems, only. This accessible region found is bounded by the curves C W and C D that are realized for single-sided depolarization and single-sided phase damping, respectively. The former is also valid for the so-called Werner states [23] , ̺ W = p |ψ S ψ S | + (1 − p)1/4, a convex mixture of the pure and maximally entangled singlet state |ψ S = (|01 − |10 )/ √ 2 and the maximally disordered two-qubit state 1/4. These borders will also play an important role in our findings. We start by rederiving the results found in Ref. [11] in an alternative way. It is known that in case of single-qubit dynamics there is a one-to-one correspondence between unital channels and channels that are RU [5] . By applying the quantum channel E to one part of a maximally entangled bipartite state, the so-called Jamiolkowski isomorphism [24] introduces a duality between quantum channels defined on a Hilbert space H and quantum states living on a Hilbert space H ⊗ H of squared dimension. It follows straight away that the Jamiolkowski state of a RU channel is doubly chaotic [5] , that is, the state has maximally disordered subsystems: tr 1 ̺ = tr 2 ̺ = 1/d (here, tr i , i = 1, 2, refers to a partial trace over the first and second subsystems, respectively, while d = dim H). In this vein, any single-qubit RU channel may be identified with a doubly chaotic twoqubit state. Any such state may in turn be obtained by applying a local unitary transformation U ⊗ V to a Belldiagonal state [25] , that is, a state diagonal in the basis of Bell states |ψ
For such a state the accessible area in the CP diagram may be determined easily (see Appendix C). As a general lower bound we find the relation C(P ) = √ 2P − 1 = C D , whereas the upper bound depends on the Kraus rank k of the corresponding qubit channel E, that is, on the minimum number of Kraus operators needed in (1) . For k = 2 we have
again identical to the lower bound in the CP diagram, whereas for k = 4 we have
reproducing the upper bound. In addition, we get the relation
giving an upper bound of the allowed area for single-sided RU channels of Kraus rank 3 (see Fig. 1 , dashed line). Thus, we arrive at the same results that were obtained by applying single-sided unital channels to a pure and maximally entangled two-qubit state [11] . We find that the accessible region in the CP plane depends on the Kraus rank of the RU channel. It is then quite obvious that the lower and upper border are given by single-sided phase damping (Kraus rank 2) and depolarizing (Kraus rank 4), respectively. The various bounds in the CP diagram may be attributed to a characteristic trait of doubly chaotic states. This is also true for the behavior discovered in [13] , where for an initial Bell state of two noninteracting qubits with symmetric coupling to a cavity with photon number n → ∞ a convergence to C 3 (P ) was found. In this limit, the Bell state is simply mapped to a doubly chaotic state with Bell rank 3, hence explaining the asymptotic behavior.
For random local unitary (RLU) channels, that is, channels of the form E(̺) = r,s p rs (U r ⊗V s )̺(U † r ⊗V † s ), with r,s p rs = 1 and unitary U r , V s , it is easy to see that a Bell state is mapped to a doubly chaotic state. Comparison with Eq. (5) shows that the action of the noise channelD is exactly of this RLU nature. Therefore, it is by no means surprising that the bounds play a role in our findings. Note, however, that our studies cover not only the case of maximally entangled initial states, but of pure initial states in general. Based on our derivation it also follows immediately that the accessible region for bilocal unital dynamics E 1 ⊗ E 2 -a question raised in Ref. [11] is in fact identical to the area obtained for single-sided unital channels.
IV. SEPARABLE INITIAL STATE
In Sec. II we discussed the possible separation of the RU phase-damping channel, making it possible to separately calculate the evolution of purity and entanglement. The general formula for purity of the final state was already given, Eq. (6), whereas in order to study entanglement, we need to make further assumptions about the initial state. In this first section we take the initial state to be separable. Due to the commutativity of the noise channelD and the unitary part U µ , we can start out by bringing a pure separable state ̺ := |ψ 0 ψ 0 | := |φ 1 φ 1 | ⊗ |φ 2 φ 2 | into the mixturẽ D ⋆ ̺, prior to applying U µ . For the final state ̺ ′ we will then calculate the concurrence C. For generic singlequbit states we can let
where
With var(σ The concurrence thus allows for an evolution equation factorizing into two functionals f and g that depend on the phase-damping channel E and the initial state of the qubits |ψ 0 , respectively. The evolution equation accounts for the gain in entanglement due to the unitary map U µ through the function f , while g simply gives a scaling factor for the amount of entanglement a certain initial state may achieve.
When trying to detect the accessible area within the CP diagram we need to know the maximum of the concurrence with respect to the entangling part of the channel. This maximum is given for sin µ 3 = 1 or, equivalently, µ 3 ∈ {(2k + 1) π 2 | k ∈ Z}, which leads to the simple equation 
A. Pure two-qubit phase damping
We want to discuss the results obtained so far in a setting where we admit only pure two-qubit phase damping. By this we mean the situation where the phase damping is caused by a fluctuation in the part of the Hamiltonian describing the coupling of the two qubits only. Note that this setting is also of relevance in the realization of a phase gate in recent ion-trap experiments [7] . The Hamiltonian then consists of the single term
. Recall the definition of the variances 2ς
We may therefore let the variances ς 1 = ς 2 = 0, and Eq. (11) simplifies to
whereas the purity simplifies to
The simple form of both the maximal concurrence and the purity enables us to give the former as a function of the latter:
Note that for σ
= 0 we get C Max (P ) = √ 2P − 1, which is exactly the equation obtained for the lower bound C D shown in Fig. 1 .
In Fig. 2 we show the CP diagram where we highlight the excluded area. In order to show exemplary dynamics in the diagram we let both mean and variances of the stochastic processes in Eq. (3) depend quadratically on some "time parameter" t. This introduces a one-parameter class of channels E t mimicking continuous dynamics. A possible evolution is shown as blue line.
Equation (14) relating maximal concurrence and purity allows for a representation of the accessible region under pure two-qubit phase damping (for an initially separable state). For this we define Z as the expectation value of the number of excited states, that is,
. When maximizing the function C Max (P ) for fixed P and Z, we get the requirement σ A z = σ B z =: σ z . Inserted in (14) , this leads to
. (15) This relation can now be visualized in the concurrencepurity-σ z space [cf. Fig. 2 (b) ]. This representation was also used in [26] , where the physically allowed region of a two-qubit system with respect to concurrence, purity, and energy was studied. 
B. General uncorrelated phase damping
Next we want to consider the general case of uncorrelated phase damping. Remember that by uncorrelated we mean a diagonal covariance matrix Σ. Here, we use the full dynamics, that is, the part of the Hamiltonian describing pure two-qubit dephasing as well as the parts acting locally on both qubits.
As in the preceding section, the concurrence attains its maximum for σ 
Note that for identical variances ς 1 = ς 2 = ς 3 =: ς, this implies C = 2 + 1 , which is easily transformed into the relation 
FIG. 3: (Color online) (a)
In case of general uncorrelated phase damping, the maximally achievable concurrence is identical to the value given by the Werner states, CW. As before, the forbidden area is highlighted in red (dark gray). The role of correlations may be observed in (b), where both bounds are violated. In both diagrams, an exemplary evolution under a one-parameter class of phase-damping channels is shown (dashed blue lines).
which coincides with the relation obtained for the Werner states, C W . Furthermore, from Eqs. (16) and (17) we conclude that C 2 + C + 1 ≤ 3P , so that the case of all variances being equal already yields the maximal relation of concurrence as a function of purity. We conclude that C Max (P ) = ( √ 12P − 3 − 1)/2 in case of uncorrelated phase damping. For pure, separable states subject to RU phase damping, we can therefore identify a forbidden area in the CP plane, the border of which is given by the Werner states C W . In Fig. 3 (a) we highlight the excluded area for general, uncorrelated phase damping.
Note that these results are only true for uncorrelated phase damping. In Fig. 3 (b) we show an example of correlated phase damping, that is, with nondiagonal covariance matrix Σ (see Sec. II). This accentuates the fact that the borders in the CP diagram are valid only in the uncorrelated case. We ascribe this violation of the bounds in case of correlated phase damping to the fact that the irreversible part of the channelD is in general no longer RLU (see Sec. III).
V. GENERAL PURE INITIAL STATE
In this section we will analyze the evolution of a general pure initial state under phase damping, that is, we drop the restriction of separability for the initial state. For our purposes, that is, for entanglement and purity evolution under phase damping, the most general (pure) intial state reads
leaving only four parameters (a, χ, θ 1 , θ 2 ) to fully characterize the initial state of the two-qubit system (see Appendix E). While Eq. (6), giving the purity of the final state, is still valid, we need to estimate the decay of the initial concurrence when the state is subject to the mixing part of the phase damping channel,D. In close analogy to the method described in Appendix D, we are again able to estimate the concurrence analytically:
where we have defined s := ψ 0 | Σ y |ψ * 0 and r := ψ 0 | Σ z Σ y |ψ * 0 . Here we have also used the abbreviations
Together with the purity (6) we can now examine the possible C(P ) combinations in more detail. In order to get illustrative results, we again have to put some further constraints on the dynamics.
A. Single-sided phase damping
For a single-sided phase-damping channel, that is, acting on either one of the qubits, we can generalize the results obtained for maximally entangled states in Ref. [11] to the case of pure initial states with arbitrary entanglement. Note that for this scenario the channel is simply given by
. For single-sided phase damping it is easy to arrive at the evolution equation of entanglement, which is given by
where f (E) = 1 − 2q. The state-dependent behavior within the CP diagram thus stems from the evolution of purity, which is given by where
2 . We find that the C(P ) relation for given initial entanglement now only depends on the angle θ 1 . The extremal cases may be identified as
where C 0 denotes the concurrence of the initial state |ψ 0 . For all other cases (0 ≤ cos 2 θ 1 ≤ 1), one can see that the relation C(P ) is bounded by these two curves. For maximally entangled initial states the two functions coincide, again giving the by-now well-known relation C(P ) = √ 2P − 1 = C D [11] . For nonextremal initial entanglement 0 < C 0 < 1, however, the two curves part, bounding the accessible region from above and below. For states of arbitrary initial entanglement subject to single-sided phase damping we conclude that there exists a maximal value of purity, P < = 1 − C 2 0 /2, above which all states are still entangled. Again, the results are easily illustrated using the CP diagram (see Fig. 4) .
B. Pure two-qubit phase damping
In case of pure two-qubit phase damping, the noise channel is of the simple form
. Again we are able to give the evolution equation of entanglement,
where now f (E) = 2q(1 − q) and g(|ψ 0 ) = |r| 2 − |s| 2 − |r 2 −s 2 |. Entanglement depends on the initial state of the two qubits through the functional g. Note that here the evolution equation no longer follows the factorization law, as in the case of single-sided channels. Yet the evolution is fully determined through the functionals f and g. The purity equates to
Eq. (19) highlights the possibility of robust entanglement under pure two-qubit phase damping. It is easy to see that for g(|ψ 0 ) = 0 concurrence remains constant, whereas purity [Eq. (20) ] may, in general, still decline. We find that this is the case for states with χ ∈ {kπ|k ∈ Z}, only. The square of the concurrence then becomes
The necessary condition for robust entanglement under pure two-qubit phase damping is thus given by s 2 ≤ r 2 and χ = kπ. To be specific, the necessary conditions for χ = k2π [χ = (2k + 1)π] are given by
sin θ1 sin θ2
sin θ1 sin θ2 cos θ1 cos θ2−1 , hereby defining the upper bound C > , such that states with initial concurrence C 0 < C > exhibit robust entanglement. Note that for cos θ 1 cos θ 2 = ±1, s 2 = r 2 and, thus, constant concurrence C follows immediately. In Fig. 5 we show an example of robust entanglement. It can be clearly observed that for initial concurrence smaller than C > and despite the loss of purity, the entanglement is persistent. Beyond the observation of robust entanglement we also see that, while the map of the maximally entangled state follows the line C D , as would be predicted (the Kraus rank of pure two-qubit phase damping is 2, see Sec. III), for states with initial concurrence C 0 < 1, the restricted area no longer plays a role.
VI. CONCLUSIONS
We have studied a two-qubit quantum system subject to phase damping caused by fluctuating fields. Irrespective of possible correlations between the individual constituents of the introduced stochastic Hamiltonian, the quantum channel was shown to allow a separation into two parts, representing reversible and irreversible parts of the dynamics, respectively. The separation enabled us to estimate the evolution of the system's entanglement, as well as purity, analytically. When combined, the results allow us to identify exclusive regions within the concurrence-purity plane, suggesting a connection between RLU dynamics on a Bell state and phase-damping processes on a separable initial state. These forbidden places, however, do not play a role in the evolution of pure states of arbitrary initial entanglement 0 < C 0 < 1.
Our approach enables us to generalize results obtained in Ref. [11] , where the action of single-sided unital channels on Bell states was studied.
Here we are able to analyze the effect of single-qubit phase damping on pure two-qubit states of arbitrary initial entanglement. For a certain class of phase damping we have identified necessary conditions leading to a robustness of the entanglement present in the two-qubit system. This robustness is closely related to the entanglement of the initial state; more precisely, depending on the initial state, we can give an upper bound C > such that for all states with concurrence C 0 < C > the entanglement is robust. The crucial conclusion to be drawn from these findings is that in order to preserve entanglement, sometimes less is more. .
Appendix C
In Sec. III we argue that any unital single-qubit channel may be identified with a doubly chaotic two-qubit state. A given doubly chaotic state of two qubits may in turn be obtained by applying a local unitary transformation U ⊗ V to a Bell-diagonal state [25] :
with probabilities p i , {|Ψ =: C m (P ). Inserting the nontrivial Bell ranks m = 2, 3, 4, we get the upper bounds of the accessible C(P ) relations for single-sided RU channels with corresponding Kraus ranks. Moreover, we see that for arbitrary Kraus rank k, C(P ) is bounded from below by C 2 (P ).
1|ψ 0 , e −iφ 1 ⊗ σ z |ψ 0 } =: {ν 1 ,ν 2 }, respectively. For the determination of the eigenvalues of R we thus have to find a basis of orthogonal eigenvectors of spaces S and S. For instance, for eigenvalues λ + bc. Note that in the formula for the concurrence there is a sum of the square roots of the eigenvalues of the matrix R. Therefore the relation (λ + ± λ − ) 2 = (a + d) ± 2 √ ad − bc will prove to be quite useful. For the second subspaceS, the situation is analogous and the eigenvalues of R are thus given by the set {λ
